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a b s t r a c t
A new super-extension of the KdV hierarchy is proposed, which is associated with a 3× 3
matrix spectral problem. Using super-trace identity, generalized bi-Hamiltonian structures
of this hierarchy are established. Moreover, infinite conservation laws of the new super-
KdV equation are derived.
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1. Introduction
It is well known that the Korteweg–de Vries (KdV) equation is one of the most essential models in the theory of
integrable systems, which has nice mathematical and physical properties such as the N-soliton solution, an infinite number
of conservation laws, bi-Hamiltonian structures and so on. A key feature of this equation is the fact that it can be expressed as
the compatibility condition of two linear spectral problems, i.e., a Lax pair, which plays a crucial role in the inverse scattering
transformation and Darboux transformation.
Since the super-extension of classical integrable systems has aroused strong interests in theoretical physics and
mathematics, it had been found that the famous KdV equation has various super-extensions which preserved its complete
integrability. Among these, we note that there are two kinds ofwell-known extensions: one is Kuperschmidt’s version [1–6],
the other is the supersymmetric KdV equation [7–9] which is invariant under a space supersymmetric transformation [8].
Furthermore, the Darboux transformation [10,11] and the bilinear approach [12–14] for the supersymmetric KdV equation
have also been discussed.
In this letter, we will give a new super-extension of the KdV hierarchy, which belongs to Kuperschmidt’s version but not
the supersymmetric one. The outline of the present letter is as follows. In Section 2, we first introduce a 3×3matrix spectral
problem. With the help of the stationary zero-curvature condition and Lenard recursion equation, we derive a hierarchy of
new super-nonlinear evolution equations in which the first nontrivial member is a new super-KdV equation
ut = −uxxx + 6uux + 12uαxxα + 6uxαxα − 3αxxxxα − 6αxxxαx,
αt = −4αxxx + 3uxα + 6uαx. (1)
In Section 3, we obtain the generalized bi-Hamiltonian structures of the new super-KdV hierarchy by super-trace identity.
In Section 4, we construct an infinite sequence of conserved quantities of the super-KdV equation.
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2. Super-KdV hierarchy
In this section we shall deduce a new super-KdV hierarchy. To this end, we introduce a 3× 3 matrix spectral problem
φx = Uφ, φ =
(
φ1
φ2
φ3
)
, U =
( 0 1 0
u+ λ 0 α
λα 0 0
)
, (2)
where u, λ, φ1, φ2 are the commuting variables which can be indicated by the degree (mod 2) p as p(u) = p(λ) = p(φ1) =
p(φ2) = 0; α andφ3 are the anticommuting variables which can be indicated by p as p(α) = p(φ3) = 1. Usually, the study of
soliton equations associated with 3×3matrix spectral problems is more difficult as compared with the 2×2 cases [15–17].
To derive the hierarchy of super-nonlinear evolution equations associated with the spectral problem (2), we first solve the
stationary zero-curvature equation
Vx − [U, V ] = 0, V = (Vij)3×3, (3)
where p(V11) = p(V12) = p(V21) = p(V22) = p(V33) = 0, p(V13) = p(V23) = p(V31) = p(V32) = 1. Eq. (3) implies that
V11,x − V21 + (u+ λ)V12 − λαV13 = 0,
V12,x − V22 + V11 = 0,
V13,x − V23 + αV12 = 0,
V21,x − (u+ λ)(V11 − V22)− αV31 − λαV23 = 0,
V22,x − (u+ λ)V12 − αV32 + V21 = 0,
V23,x − (u+ λ)V13 − αV33 + αV22 = 0,
V31,x − λαV11 + (u+ λ)V32 + λαV33 = 0,
V32,x − λαV12 + V31 = 0,
V33,x − λαV13 − αV32 = 0,
(4)
where each entry Vij = Vij(B, ρ) is a function of B, ρ with p(B) = 0, p(ρ) = 1:
V11 = −12Bx, V12 = B, V13 = ρ, V21 = −
1
2
Bxx + (u+ λ)B− λαρ,
V22 = 12Bx, V23 = ρx + αB, V31 = λ(ρx + αB), V32 = −λρ, V33 = 0.
(5)
Substituting (5) into (4), we obtain(
−1
2
∂3 + u∂ + ∂u
)
B+ λ[2∂B− (∂α + 2α∂)ρ] = 0,(
∂α + 1
2
α∂
)
B+ (∂2 − u)ρ − λρ = 0,
(6)
where ∂ = ∂x. The functions B and ρ are expanded into Laurent series in λ:
B =
∑
j≥0
Bjλ−j, ρ =
∑
j≥0
ρjλ
−j, (7)
and substituting (7) into (6) yields the Lenard recursion equation
KGj = JGj+1, JG0 = 0, (8)
where Gj = (Bj, ρj)T , K and J are two operators defined by
K =
−12∂3 + u∂ + ∂u 0
∂α + 1
2
α∂ ∂2 − u
 , J = (−2∂ ∂α + 2α∂0 1
)
. (9)
It is easy to see that
ker J = {c0g0 | c0 ∈ R}
with
g0 =
(
1
0
)
.
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In order to find a general representation of solution of (8), we introduce a Lenard recursion equation
Kgj = Jgj+1, j ≥ 0 (10)
with condition gj|(u,α)=0 = 0, (j ≥ 1), which means to identify constants of integration as zero when acting with operator
J−1 upon Kgj. Then gj is uniquely determined by the recursion equation (10), for example, the first two members read as
g1 =
(
−1
2
u+ 3
2
ααx
αx
)
,
g2 =
−
1
8
uxx + 38u
2 − 15
8
αxxxα + 58αxxαx +
15
4
uαxα
αxxx − 34uxα −
3
2
uαx
 .
Noticing the ker J and operating with (J−1K)j upon G0, we obtain the general solution of (8)
Gj = c0gj + c1gj−1 + · · · + cjg0, j ≥ 0, (11)
where c0, c1, . . . , cj are arbitrary constants of integration, and gj = (g(1)j , g(2)j )T . Let φ satisfy the spectral problem (2) and
an auxiliary problem
φtm = V (m)φ, (12)
where each entry V (m)ij = Vij(B(m), ρ(m)) in the matrix V (m) is a polynomial of eigenparameter λwith
B(m) =
m∑
j=0
Bjλm−j, ρ =
m∑
j=0
ρjλ
m−j. (13)
Then the compatibility condition of (2) and (12) yields the zero-curvature equation, Utm − Vmx + [U, Vm] = 0, which is
equivalent to the hierarchy of new super-KdV equations
utm =
(
−1
2
∂3 + u∂ + ∂u
)
Bm,
αtm =
(
∂α + 1
2
α∂
)
Bm + (∂2 − u)ρm,
(14)
that is
(utm , αtm)
T = c0Xm + c1Xm−1 + · · · + cmX0, m ≥ 0 (15)
with Xj = Kgj = Jgj+1. The first nontrivial member in the hierarchy (15) is as follows
ut1 = c0
(
1
4
uxxx − 32uux + 3uααxx +
3
2
uxααx − 34ααxxxx −
3
2
αxαxxx
)
+ c1ux,
αt1 = c0
(
αxxx − 34uxα −
3
2
uαx
)
+ c1αx,
(16)
which is just reduced to the classical KdV equation for α = 0, c1 = 0 and the super-KdV equation (1) for c0 = −4 and
c1 = 0, respectively.
3. Super-generalized bi-Hamiltonian structures
Inwhat follows,we shall establish the generalized bi-Hamiltonian structures of (15) by using super-trace identity [18,19]:
δ
δU0
∫
Str
(
V
∂U
∂λ
)
dx = λ−γ ∂
∂λ
[
λγ Str
(
∂U
∂U0
V
)]
, (17)
where γ is a constant to be fixed and U0 = (u, α)T . Through direct calculations, we have
Str
(
V
∂U
∂λ
)
= B− αρ, Str
(
∂U
∂u
V
)
= B, Str
(
∂U
∂α
V
)
= −2λρ. (18)
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Substituting (7) and (18) into (17), we get(
δ
δu
,
δ
δα
)
(B− αρ) = λ−γ ∂
∂λ
[λγ (B,−2λρ)], (19)(
δ
δu
,
δ
δα
)∫
(Bj+1 − αρj+1)dx = (γ − j)(Bj,−2ρj+1), j ≥ 0. (20)
A direct calculation shows that γ = − 12 + k as ck 6= 0 and c0 = c1 = · · · = ck−1 = ck+1 = · · · = cj+1 = 0, 0 ≤ k ≤ j+ 1,
where c0, c1, . . . , cj+1 are arbitrary constants of integration in (11). Using (20), we arrive at(
δ
δu
,
δ
δα
)
Hj = (Bj,−2ρj+1),
Hj = −
j∑
k=0
ck
∫ 2(g(1)j+1−k − αg(2)j+1−k)
1+ 2j− 2k dx+ cj+1
∫
2dx, j ≥ 0.
(21)
Therefore we deduce the generalized bi-Hamiltonian form of (15)(
utm
αtm
)
= K
(
Bm−1
−2ρm
)
= J
(
Bm
−2ρm+1
)
= K

δ
δu
δ
δα
Hm−1 = J

δ
δu
δ
δα
Hm, m ≥ 1, (22)
whereK and J are two skew-symmetric operators
K = (Kij)2×2, J =
−12∂3 + u∂ + ∂u 0
0 −1
2
 , (23)
with
K11 = −18∂
5 + 1
4
∂2u∂ + 1
4
∂u∂2 + 1
4
∂3u+ 1
4
u∂3 − 1
2
u2∂ − 1
2
∂u2 − 1
2
u∂u− 1
2
∂u∂−1u∂,
K12 = 18∂
3α + 1
4
∂2α∂ − 1
4
u∂α − 1
4
∂uα − 1
2
uα∂ − 1
2
∂u∂−1α∂,
K21 = 18α∂
3 + 1
4
∂α∂2 − 1
4
αu∂ − 1
4
α∂u− 1
2
∂αu− 1
2
∂α∂−1u∂,
K22 = −12∂α∂
−1α∂ − 1
8
α∂α − 1
2
(∂2 − u).
Notice that (δ/δu)
∫
2dx = 0. For brevity, we take cj+1 = 0 in (21). Especially, for m = 1, the super-KdV equation (16) can
be written as(
ut1
αt1
)
= J

δ
δu
δ
δα
H1, m ≥ 0,
with the Hamiltonian function
H1 = −13 c0
∫ (
3
4
u2 − 9
2
uααx + 74ααxxx −
5
4
αxαxx
)
dx+ c1
∫
(u− ααx)dx.
4. Infinite conservation laws
In this section, we shall derive infinite conservation laws of the super-equation (16). We introduce the variables
F = φ2
φ1
− ζ , G = φ3
φ1
, (24)
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where λ = ζ 2, φ23 = 0. From the spectral problem (2), we have
Fx = u+ αG− F 2 − 2ζ F , Gx = ζ 2α − GF − ζG. (25)
We expand F and G as series in powers of ζ−1
F =
∞∑
j=1
fjζ−j, G =
∞∑
j=−1
gjζ−j, (26)
where p(fj) = 0, p(gj) = 1. Substituting (25) into (24) and comparing the coefficients of ζ , we obtain
g−1 = α, g0 = −αx, f1 = 12u−
1
2
ααx, g1 = αxx − 12uα,
f2 = −14ux +
3
4
ααxx, g2 = −αxxx + 34uxα + uαx,
f3 = 18uxx −
3
8
αxαxx − 78ααxxx +
3
4
uααx − 18u
2,
g3 = αxxxx − 2uxαx − 78uxxα −
3
2
uαxx + 18ααxαxx +
3
8
u2α,
f4 = − 116uxxx +
1
4
uux − 32uxααx −
3
2
uααxx + 58αxαxxx +
15
16
ααxxxx,
(27)
and a recursion formula for fn and gn
fn+1 = −12
(
fn,x − αgn +
n∑
j=1
fkfn−k
)
, n ≥ 1,
gn+1 = −gn,x −
n∑
j=−1
gkfn−k, n ≥ −1.
(28)
It is easy to see that
∂
∂t
φ1,x
φ1
= ∂
∂x
φ1,t
φ1
,
by which we derive the conservation law of (16)
∂
∂t
(F + ζ ) = ∂
∂x
[
−1
2
Bx + B(F + ζ )+ ρG
]
, (29)
where B = c0
(
ζ 2 − 12u+ 32ααx
) + c1, ρ = c0αx. Assume that σ = F + ζ , θ = − 12Bx + B(F + ζ ) + ρG. Then (29) can be
written as
σt = θx,
which is the right form of conservation laws. We expand σ and θ as series in powers of ζ with the coefficients which are
called conserved densities and currents respectively:
σ = ζ +
∞∑
j=1
σjζ
−j, θ = c0ζ 3 + c1ζ +
∞∑
j=1
θjζ
−j, (30)
where c0 and c1 are constants of integration in (11). Then the first two conserved densities and currents read
σ1 = 12u−
1
2
ααx, σ2 = −14ux +
3
4
ααxx,
θ1 = c0
(
−3
8
u2 + 1
8
uxx + 94uααx +
5
8
αxαxx − 78ααxxx
)
+ c1
(
1
2
u− 1
2
ααx
)
,
θ2 = c0
(
− 1
16
uxxx + 38uux −
21
8
uxααx − 158 uααxx −
3
8
αxαxxx + 1516ααxxxx
)
+ c1
(
−1
4
ux + 34ααxx
)
.
(31)
The recursion relation for σn and θn, n ≥ 2, is as follows
σn = fn, θn = c0
[
fn+2 +
(
−1
2
u+ 3
2
ααx
)
fn + αxgn
]
+ c1fn, (32)
where fn and gn can be recursively calculated from (27) and (28).
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